Proof. There exists an integer tuple (a 1 , . . . , a n ) such that D(a 1 , . . . , a n ) = 0 and max (|a 1 Proof. In order to compute the bound on the heights of integer solutions to a Diophantine equation D(x 1 , . . . , x n ) = 0 with a finite number of integer solutions, we compute the bound on the number of integer solutions to the equation By Lemma 1, this number is greater than the heights of integer solutions to
The Davis-Putnam-Robinson-Matiyasevich theorem states that every recursively enumerable set M ⊆ N n has a Diophantine representation, that is (a 1 , . . . , a n ) ∈ M ⇐⇒ ∃x 1 , . . . , x m ∈ N W(a 1 , . . . , a n , x 1 , . . . , x m ) = 0 (R)
for some polynomial W with integer coefficients, see [2] . The polynomial W can be computed, if we know a Turing machine M such that, for all (a 1 , . . . , a n ) ∈ N n , M halts on (a 1 , . . . , a n ) if and only if (a 1 , . . . , a n ) ∈ M, see [2] .
The representation (R) is said to be finite-fold if for any a 1 , . . . , a n ∈ N the equation W(a 1 , . . . , a n , x 1 , . . . , x m ) = 0 has only finitely many solutions (x 1 , . . . , x m ) ∈ N m . 
Open Problem
For a positive integer n, let f (n) denote the smallest non-negative integer b such that for each system S ⊆ E n with a finite number of solutions in integers x 1 , . . . , x n , all these solutions belong to [−b, b] n . We know that f (1) = 1 and f (n) ≥ 2 2 n−1 for any n ≥ 2, see [8] . A counterexample to the equality f (n) = 2 2 n−1 was recently communicated to the author.
Theorem 2. A finite-fold Diophantine representation of the function f does not exist.
Proof. If f is computable, then Matiyasevich's conjecture is false, see [8] . Applying Lemma 2, we conclude that each function of exponential growth does not have any finite-fold Diophantine representation. In particular, this holds for f because f (n) ≥ 2 2 n−1 for any n ≥ 2. If f is not computable, then a Diophantine representation of f does not exist.
Lemma 3. For each integer n
Proof. If a system S ⊆ E n has only finitely many solutions in integers x 1 , . . . , x n , then for each i ∈ {1, . . . , n} the system S ∪ {x i · x i = x n+1 } ⊆ E n+1 has only finitely many solutions in integers
In what follows, we attempt to give an algebraic proof of Theorem 2. Let Rng denote the class of all rings K that extend Z. Th. Skolem proved that any Diophantine equation can be algorithmically transformed into an equivalent system of Diophantine equations of degree at most 2, see [5, pp. 2-3] and [2, pp. 3-4] . The following result strengthens Skolem's theorem.
Assume that
We can compute a positive integer n > p and a system T ⊆ E n which satisfies the following two conditions: (x 1 , x 2 , x 3 , . . . , x m ) with integer coefficients such that (1) for any non-negative integers x 1 , x 2 ,
By Lemma 4 and Lagrange's four-square theorem, there is a formula
is a conjunction of formulae of the forms
. . , x m ) = 0 and each x i (i = 1, . . . , m) is a sum of four squares.
Let S denote the following system
. . . t 1 + t s = t s+1 t s+1 + t s+1 = x 1 all equations occurring in Φ(x 1 , x 2 , x 3 , . . . , x s ) with 2s + 1 variables. Conditions (1) and (2) imply that the system S is satisfiable over non-negative integers.
Additionally, if a tuple (t 1 , . . . , t s+1 , x 1 , x 2 , x 3 , . . . , x s ) of non-negative integers solves S , then x 1 = 2s + 2 and x 2 = f (x 1 ) = f (2s + 2) > f (2s + 1), where the last inequality follows from Lemma 3.
The inequality x 2 > f (2s + 1) and the definition of f imply that infinitely many integer tuples (t 1 , . . . , t s+1 , x 1 , x 2 , x 3 , . . . , x s ) solve S . By this conclusion and by conditions (1) and (2), infinitely many tuples (x 3 , . . . , x m ) ∈ N m−2 satisfy W(2s + 2, f (2s + 2), x 3 , . . . , x m ) = 0, so the representation (RR) is not finite-fold. Theorem 3 strengthens Theorem 2. W(x 1 , x 2 , x 3 , . . . , x m ) with integer coefficients and returns a positive integer v, such  that for any integer u ≥ v the equation W(u, f (u), x 3 , . . . , x m ) = 0 has infinitely many solutions in non-negative integers x 3 , . . . , x m , if condition (1) holds. Proof. Let Φ(x 1 , x 2 , x 3 , . . . , x s ) is defined as in the second proof of Theorem 2. We put v = 3s + 6, and consider any integer u ≥ v. Let [·] denote the integer part function, and let T denote the following system of equations
Theorem 3. There is an algorithm which takes as input a polynomial
Assume that condition (1) holds. It implies that T is satisfiable over integers. Assume, on the contrary, that the equation W(u, f (u), x 3 , . . . , x m ) = 0 has only finitely many solutions in non-negative integers x 3 , . . . , x m . Then, T has only finitely many integer solutions. By Lemma 3, this contradicts the definition of f , because each integer solution of T satisfies
+ s variables, and
For a positive integer n, let g(n) denote the greatest finite total number of solutions of a subsystem of E n in integers x 1 , . . . , x n . Obviously, g(n) ≥ 2 n as the system
n integer solutions. In particular, this holds for g because g(n) ≥ 2 n for any n. For a purely algebraic proof, the reader is referred to [9] .
For a positive integer n, let f 1 (n) denote the smallest non-negative integer b such that for each system S ⊆ E n with a finite number of solutions in non-negative integers x 1 , . . . , x n , all these solutions belong to [0, b] n . A finite-fold Diophantine representation of the function f 1 does not exist, see [6] for a purely algebraic proof.
For a positive integer n, let g 1 (n) denote the greatest finite total number of solutions of a subsystem of E n in non-negative integers x 1 , . . . , x n . A finite-fold Diophantine representation of the function g 1 does not exist, see [10] for a purely algebraic proof. 
